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Abstract
In this paper, we propose a mathematical model that combines chemotherapy and
oncolytic virotherapy as an alternative to treatment of a glioma. The main idea is
to incorporate the virotherapy after the first or second chemotherapy session using a
specialist virus that attacks only tumor cells. Some simulations are presented. Based
on the results, we conclude that with this combined therapy may reduce the number
of chemotherapy sessions and may lead to obtain better results in the fight against
gliomas.

Keywords Cancer therapy · Glioma · Nonlinear system of ordinary differential
equations · Virotherapy and chemotherapy

1 Introduction

The gliomas are the most common brain tumors and are originated in glial cells [1].
Some gliomas are very aggressive, carrying a rate mortality rate nearing the 100% of
the cases within 6–12months after being diagnosed [2,3]. Usually, the first treatment
against gliomas consists of a surgery followed by chemotherapy and radiotherapy, but
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results are far from being effective [4]. Regarding the chemotherapy, the most com-
mon agent against brain tumors is the temozolamide [5,6]. There are other proposed
treatments based on virotherapy [7], and it has been suggested that the combination
of different types of therapies could be a successful alternative, in particular, the com-
bination of chemotherapy and virotherapy [8–10].

On the other hand, themathematicalmodeling of cancer has been an essential tool to
understand this problem. Moreover, the mathematical approach also allows to replace
laboratory experiments and to simulate them computationally. In this sense, scientists
have developed a wide diversity of mathematical models covering various aspects of
tumor growth (see [11–13] and references therein). In particular case of gliomas, one
can find several mathematical proposals [14,15] focusing on the diagnostic [4,16], the
chemotherapy [17–19] or the virotherapy [20–23].

In the present work, we propose amathematicalmodel that combines chemotherapy
and oncolytic virotherapy as an alternative treatment against gliomas. The paper is
organized as follows. In Sect. 2, the mathematical model is proposed in full detail.
Moreover, suitable physical constraints and parameter values are provided. In Sect. 3,
a stability analysis of the model associated to the virotherapy is performed. Some
simulations are presented in Sect. 4, and the main results are discussed. Finally, we
close the article with a brief section of conclusions.

2 Mathematical model

As we mentioned before, the mathematical model proposed in this work consists of
two alternative treatments, namely, chemotherapy and virotherapy. The chemotherapy
is based on the model proposed by Iarosz et al. [17]. More precisely, a system of dif-
ferential equations is used to model a brain tumor (more specifically, a glioma), and
the corresponding interactions among glial cells, glioma, neurons and chemotherapy.
However, in order to match this model with the virotherapy treatment, it is more con-
venient to state the variables in terms of the number of cells instead of concentrations.
Therefore, it is necessary to rescale the parameters of the model.

The rescaling mentioned above can be performed taking into account that the car-
rying capacity of tumor cells is kC = 1.47×1012 cells [22]. A population of 4.2×109

cells corresponds approximately to one tumor of 2 cm of diameter. Assuming a mass
per cell of 10−12 kg, the corresponding carrying capacity in terms of the concentration
is equal to KC = 125.3 kg/m3. In other words, an adequate scale factor is equal to
δ = 1.17 × 1010 m3 cells/kg. As a consequence, we rescale the set of equations 1-4
in [17] as follows

dG(t)

dt
= Ω1G(t)

(
1 − G(t)

k

)
− ψ1G(t)C(t) − p1G(t)Q(t)

a1 + G(t)
, (1)

dC(t)

dt
= Ω2C(t)

(
1 − C(t)

k

)
− ψ2G(t)C(t) − p2C(t)Q(t)

a2 + C(t)
, (2)

dN (t)

dt
= ψ̄ Ġ(t)H(−Ġ)N (t) − p3N (t)Q(t)

a3 + N (t)
, (3)
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Table 1 Parameter values used in the equations (1)–(4)

Description Parameter Values Comment, reference

Proliferation rate Ω1 0.0068 day−1 Ω1 < Ω2 [24]

Ω2 0.012 day −1 [25]

Loss influences ψ̄ 3.418 × 10−13 (cells)−1 Estimated [17,22]

Interaction coefficients p1 2.808 × 105 m2 (mg day)−1 cells [17,22]

p2 2.808 × 108 m2 (mg day)−1 cells p2 > p1 [17,22]

p3 2.808 × 105 m2 (mg day)−1 cells p3 = p1

Chemotherapy agent rate ζ 0.2 day−1 [26,27]

Holling type 2 a1,a2,a3 6 × 1012 cells a1 = a2 = a3 = k [17,22]

Competition coefficients ψ1 3.0769 × 10−15 (cells day)−1 [17,22]

ψ2 3.0769 × 10−16 (cells day)−1 ψ2 < ψ1

Carrying capacity k 6 × 1012 cells [17,22]

dQ(t)

dt
= Φ − ζQ(t), (4)

where the new parameters are defined in terms of those used in [17] as

ψ̄ = ψ

δ
, ψi = Ψi

δ
, pi = δPi , ai = δAi , k = δK . (5)

Table 1 shows the corresponding values of the new parameters.
The variables G(t), C(t) and N (t) correspond to the number of glial cells, glioma

cells and neuron cells, respectively, and Q(t) is the concentration of the chemothera-
peutic agent given in mg/m2. According to [17], the first term in (1) and (2) models a
logistic growth of the glial and glioma cells, while the second describes the competi-
tion between the two types of cells, and the thirdmodels the effect of the chemotherapy
on the cells in terms of the Holling type functions [28,29].

The dynamics of number of neuron cells is described by Eq. (3). In that equation,
the first term models the decrease of neurons as a consequence of the glial cells death.
Here, H(t) is the well-known Heaviside function, which is defined as

H(x) =
⎧⎨
⎩
0 , x < 0,
1
2 , x = 0,
1 , x > 0.

(6)

Meanwhile, the second term is the effect of the chemotherapy on the neurons.
Finally, Eq. (4) describes the evolution of the concentration of the chemothera-

peutic agent. The first term is the function Φ, which is defined as a periodic step
function. More specifically, Φ has a constant value of 400mg(m2 day)−1 during 5
days (chemotherapy session), and is switched off for 23 days, and so on (temozolo-
mide is one of the most common chemotherapeutic agents against brain tumors [5,6]).
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In turn, the second term of equation (4) models the corresponding decrease of the
agent.

The second part of the model corresponds to the oncolytic virotherapy. This therapy
is provided on day 21 (16days after of the ending of the chemotherapy session) in
order to reduce the effects of the agent on the virus. Moreover, this is done in view that
the effectiveness of the virotherapy lasts around one week. This part of the model is
based on the work of [22]. However, we have considered some additional assumptions
and modifications. Concretely, the system of equations is provided as follows:

dCS(t)

dt
= Ω2CS(t)

(
1 − (CS(t) + CI (t))

k

)
− ψ2G(t)CS(t)

− p2CS(t)Q(t)

a2 + CS(t)
− CS(t)βCv(t), (7)

dCI (t)

dt
= βCCS(t)v(t) − λCCI (t), (8)

dv(t)

dt
= bCλCCI (t) − βCCSv(t) − ωv(t). (9)

The glial cells equation (1), the neurons equation (3) and the agent equation (4)
remain unchanged. We assume that the virus is specialist, which means that only
infects glioma cells. As a consequence, the tumor cells are divided in healthyCS(t) and
infected CI (t) by the viruses v(t). The last term in (7) corresponds to the competition
between healthy tumor cells and the viruses. We assume that the infected tumor cells
cannot reproduce, so that it is important to change C(t) for CS(t) in (1). In (8) the first
term corresponds to the infection of healthy cells as a consequence of the competition
with the virus, while the last term is the lysing of the infected cells.

The virus equation (9) describes the releasing of the infection by means of the
infected cells. The second term is the competition with healthy cells, and the last one
is the clearing of the viruses by the immune response. For simplicity we have dropped
the chemotherapy agent effect (which it is minimal between day 21 and 28) in Eqs. (8)
and (9). Of course at the beginning of the virotherapywe suppose thatCS(21) = C(21)
and CI (21) = 0. The new parameters used in the equations are similar to those used
in [22], but written in days units as one can see in the Table 2. Note that three different
types of oncolytic viruses are taking account [22]. They are based on some previous
works in the literature [7,20,30,31].

3 Local stability

Before we provide some computational simulations, we perform a local stability anal-
ysis of the model when the virotherapy is supplied.

Let us suppose that E(Ḡ, C̄S, C̄I , N̄ , Q̄, v̄) is an equilibrium point which is a
solution of the following system:

dG

dt
= Ω1G(t)

(
1 − G(t)

k

)
− ψ1G(t)CS(t) − p1G(t)Q(t)

a1 + G(t)
= 0, (10)
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Table 2 Parameter values used in Eqs. (7)–(9) (see [22])

Virus Description Parameter Value

Adenovirus Lysing rate of tumor cells λC 0.5 cell−1day−1

(ONYX-15) Burst size from lysing infected tumor bC 1000

Viral clearance rate ω 24 virus −1 day−1

Uptake/encounter/infection rate of
tumor cells

βC 1.2 × 10−10 viruses cell−1 day−1

HSV Lysing grate of tumor cells λC 4/3 cell−1 day−1

Burst size from lysing infected tumor bC 50

Viral clearance rate ω 0.6 virus−1day−1

Uptake/encounter/infection rate of
tumor cells

βC 6 × 10−11 viruses cell−1 day −1

VSV Lysing grate of tumor cells λC 1 cell−1 day−1

Burst size from lysing infected tumor bC 1350

Viral clearance rate ω 5.856 virus−1 day−1

Uptake/encounter/infection rate of
tumor cells

βC 1.2 × 10−11 viruses cell−1 day−1

dCS

dt
= Ω2CS(t)

(
1 − (CS(t) + CI (t))

k

)
− ψ2G(t)CS(t)

− p2CS(t)Q(t)

a2 + CS(t)
− CS(t)βCv(t) = 0, (11)

dCI

dt
= βCCS(t)v(t) − λCCI (t) = 0, (12)

dN

dt
= ψ̄ Ġ(t)H(−Ġ)N (t) − p3N (t)Q(t)

a3 + N (t)
= 0, (13)

dQ

dt
= −ζQ(t) = 0, (14)

dv

dt
= bCλCCI − βCCS(t)v(t) − ωv(t) = 0. (15)

Here, we have taken into account that the chemotherapy infusion Φ is null during the
virotherapy. It is obvious that E1(0, 0, 0, 0, 0, 0) is an equilibriumpoint.Moreover, the
eigenvalues of the corresponding Jacobian matrix are λ1 = Ω1, λ2 = Ω2, λ3 = −λC ,
λ4 = 0, λ5 = −ζ and λ6 = −ω. Note that λ1 and λ2 are positive, therefore we have an
unstable point. This case is biological unfeasible because we have neither glial cells
nor neurons.

A second equilibrium point is E2(k, 0, 0, N̄ , 0, 0), which is the case of a healthy
patient without cancer and therapies. Here, we set Ḡ = k in order to guarantee the
equilibrium for the glial cells, and N̄ is any real and positive value. The eigenvalues
of the Jacobian matrix are λ1 = −Ω1, λ2 = Ω2 − ψ2k, λ3 = −λC , λ4 = 0,
λ5 = −ζ and λ6 = −ω. Note that λ2 is positive according to the values of Table 1.
Therefore, the equilibrium point is unstable. More precisely, if the treatment is ceased
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Table 3 Initial, intermediate and final values for glial cells G(t), neurons N (t), tumor cells C(t) and
concentration of chemotherapeutic agent Q(t) for the first simulation

Day 0 Day 21 Day 28

G 5.940 × 1012 cells 5.929 × 1012 cells 5.932 × 1012 cells

N 5.940 × 1012 cells 5.916 × 1012 cells 5.916 × 1012 cells

C with adenovirus 6 × 1010 cells 4.712 × 1010 cells 1.544 × 109 cells

C with HSV 6 × 1010 cells 4.712 × 1010 cells 8.145 × 106 cells

C with VSV 6 × 1010 cells 4.712 × 1010 cells 6.023 × 107 cells

Q 0 mg/m2 51.72 mg/m2 12.75 mg/m2

with some healthy glioma cells CS �= 0 then the glioma would return. A similar result
is established in [17] for the chemotherapy treatment.

4 Simulations and results

In this section, we provide some simulations using the proposed model. Firstly, we
provide simulations considering only the chemotherapy treatment from day 0 to day
21, that is, we use Eqs. (1)–(4). From from day 21 to day 28, we will incorporate the
virotherapy. The initial, intermediate and final values of the variables are shown in
Table 3. Figure 1 shows the evolution of the variables. In particular, we note that the
tumor cells results for three different types of virotherapies (there was not significant
difference for glial cells or neurons with the three types of virotherapy): adenovirus
(ONYX-15) [20,22], HSV [7,22] and VSV [22,30,31].

As a second experiment, in order to search for effects of more chemotherapy
sessions, we supplied the virotherapy after the second chemotherapy session, more
specifically from day 49 to day 56. The initial, intermediate and final values of the
variables are shown in Table 4. Figure 2 shows the evolution of the variables. Similarly
to the first experiment, we show the tumor cells results for the three different types of
virotherapies. In order to see with more detail the differences among the virotherapies,
we show the tumor cells results in logarithmic scale for the two experiments in Figs. 1e
and 2e. It is important to remark that at the end of both simulations all the tumor cells
are infected by the virus, i. e. CS(28) = 0 for the first simulation and CS(56) = 0 for
the second one.

After of an analysis of the simulations we can establish that

– The chemotherapy attacks the tumor very slowly and it would be necessary to
supply many sessions to see good results.

– The virotherapy acts faster on the tumor than the chemotherapy.
– There is no significant relevance if we incorporate the virotherapy after the first or
the second chemotherapy session.

– Although the result is good for different types of viruses, there is a noticeable
difference each other.
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Fig. 1 Results of the first simulation with the temporary variable t in days: a number of glial cells G, b
number of neurons , c number of tumor cells with adenovirus (cyan), HSV (red) andVSV (blue) virotherapy,
d concentration of chemotherapeutic agent in mg/m2, e the same graphic of c but in logarithmic scale and
f chemotherapy infusion in mg(m2 day)−1 (Color figure online)

– The simulations present better results for the HSV virus, which is precisely used
in glioma treatments [7].

– After the virotherapy, in principle, it would not be necessary to apply more thera-
pies.

– The glial cells and neurons practically are not affected for the chemotherapy, in
fact, one can notice a slight recovery of the number of glial cells as a consequence
of reduction of glioma cells during the virotherapy.

– Theglioma is twoormore orders ofmagnitude smaller at the endof the simulations,
in addition, at the same time all the tumor cells are infected by the virus and, as a
consequence of this, they do not have capacity of reproduction.

5 Conclusion

In this paper, we propose a mathematical model of a combination of chemotherapy
and oncolytic virotherapy as an alternative treatment against cancer, more specifically
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Fig. 2 Results of the second simulation with the temporary variable t in days: a number of glial cells G, b
number of neurons, c number of tumor cells with adenovirus (cyan), HSV (red) and VSV (blue) virotherapy,
d concentration of chemotherapeutic agent in mg/m2, e the same graphic of c but in logarithmic scale and
f chemotherapy infusion in mg(m2 day)−1 (Color figure online)

a brain tumor called glioma. The system is based on interactions among glial cells,
glioma cells and neurons, including the effects of the corresponding concentration of
chemotherapeutic agent. The virotherapy is incorporated by means of the supply of a
specialist virus that attacks only the tumor cells, in this work we use three different
types of viruses. During the virotherapy the tumor cells are divided in healthy and
infected, because it is assumed that the infected cells cannot reproduce. The results
show that the proposed treatment could reduce the number of chemotherapy sessions
and it is recommendable to choose the better kind of virotherapy depending of the
type of cancer. Finally, we can conclude that this model strengths the proposals [8–
10,32] that claim good results against cancer using a combination of chemotherapy
and virotherapy treatments.
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